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FACTORIALLY GRADED RINGS OF COMPLEXITY ONE 



JURGEN HAUSEN AND ELAINE HERPPICH 



Abstract. Wo consider finitely generated normal algebras over an algebraically 

closed field of characteristic zero that come with a complexity one grading by a 
f^*^ , finitely generated abelian group such that the conditions of a UFD are satisfied 

^sj ■ for homogeneous elements. Our main results describe these algebras in terms 

of generators and relations. We apply this to write down explicitly the possible 
y^ ' Cox rings of normal complete rational varieties with a complexity one torus 

action. 



1. Statement of the results 



The subject of this note arc finitely generated normal algebras R = (BkRw over 
some algebraically closed field IK of characteristic zero graded by a finitely gener- 
ated abelian group K. We are interested in the following homogeneous version of 
a unique factorization domain: R is called factorially (K-)graded if every homo- 
geneous nonzero nonunit is a product of iiT-primes, where a K-prime element is a 
homogeneous nonzero nonunit f & R with the property that whenever / divides a 

fT^ . product of homogeneous elements, then it divides one of the factors. For free K , the 

^ ' properties factorial and factorially graded are equivalent [J, but for a K with tor- 

nI . sion the latter is more general. Our motivation to study factorially graded algebras 

is that the Cox rings of algebraic varieties are of this type, see for example [5] . 

We focus on effective A"-gradings of complexity one, i.e., the w & K with R^ ^ 
generate K and K is of rank dim(i?) — 1. Moreover, we suppose that the grading 
is pointed in the sense that Rq ='K. holds. The case of a free grading group K and 

f^ ' hence factorial R was treated in [5l Section 1] . Here we settle the more general case 

of factorial gradings allowing torsion. Our results enable us to write down explicitly 
the possible Cox rings of normal complete rational varieties with a complexity one 
torus action. This complements [6], where the Cox ring of a given variety was 
computed in terms of the torus action. 
3 . In order to state our results, let us fix the notation. For r > 1, let A = (ag, . . . , a^) 

be a sequence of vectors a,; = (6^, Ci) in K^ such that any pair (a^, Ofc) with k ^ i \s 
linearly independent, n — (rig, . . . , n^) a sequence of positive integers and L ~ (Jij) 
a family of positive integers, where < i < ?' and 1 < j < n^. For every < i < r, 
define a monomial 

Moreover, for any two indices < i,j < r, set aij := det{ai,aj) = biCj — bjCt and 
for any three indices 0<i<j<fc<r define a trinomial 

9tj.k ■■= ctjkTJ;' + akiT^' + Q.ijTl'' £ S. 

We define a grading of S by an abelian group K such that all the Qi.j^k become 
homogeneous of the same degree. For this, consider the free abelian groups 

r rti 
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2 J. HAUSEN AND E. HERPPICH 

where we set n := jiq + . . . + 71^. Set Ij := {ln^ . . . , lim)- Then we have a linear map 
P: F ^> N defined by the r x n matrix 

/ -lo h ... 

p - I : : . ; 

\ -lo ... Ir 

Let P*: M -^ E he the dual map, set K := E/P*{M) and let Q: ^E ^ K be 
the projection. Let (ey) be the dual basis of (fij) and define a A'-grading on S 
by dcg(Tij) := Q(eij). Then all gij.k are homogeneous of the same degree and we 
obtain a if-graded factor algebra 

R{A, n, L) := K[T„-; < i < r, 1 < j < n,] / {g^,^+l.^+2] < i < r - 2). 

We say that the triple [A, n, L) is sincere, if r > 2 and riilij > 1 for all i, j hold; this 
ensures that there exist in fact relations gij^k and none of these relations contains 
a linear term. Note that for r — 1 we obtain the diagonal complexity one gradings 
of the polynomial ring S. 

Theorem 1.1. Let {A,n,L) be any triple as above. 

(i) The algebra R{A, n, L) is factorially K -graded; the K -grading is effective, 

pointed and of complexity one. 
(ii) Suppose that {A, n, L) is sincere. Then R{A, n, L) is factorial if and only 
if the group K is torsion free. 

The second part of this theorem provides examples of factorially graded algebras 
which are not factorial; note that K is torsion free if and only if the numbers 
U := gcd(/.a, • • ■ , hui) are pairwise coprime. 

Example 1.2. Let A consist of the vectors (1,0), (1, 1) and (0, 1), take n = (1, 1, 1) 
and take the family L given by loi = lii = hi = 2. Then the matrix 

-2 2 
^-202 

describes the map P-.Z^^'Z^. Thus the grading group is A' = Z © Z/2Z ® Z/2Z. 
Concretely this grading can be realized as 

deg(Toi)- (1,0,0), dcg(Tn) - (1,T,0), deg(T2i) = (1,0,T). 

The associated algebra R{A, n, L) is factorially AT-graded but not factorial. It is 
explicitly given by 

RiA,n,L) = K[Toi,rn,r2i]/(r2i-r2i + r|i). 

Obvious further examples of algebras with an effective pointed factorial grading 
are R{A,n,L)[Si, . . . , Sm], graded by K x Z™ via deg(5'0 := e^, where e^ S Z™ 
denotes the i-th. canonical basis vector. The methods of [H Section 3] apply directly 
to our situation and show that there are no other examples, i.e., we arrive at the 
following. 

Theorem 1.3. Every finitely generated normal M^- algebra with an effective, pointed, 
factorial grading of complexity one is isomorphic to some R{A, n, L)[Si, . . . , Sm\. 

We turn to Cox rings. Roughly speaking, the Cox ring of a complete normal 
variety X with finitely generated divisor class group C\{X) is given as 

n{X) := TiX,Ox{D)), 

C1(X) 

see [2] for the details of the precise definition. As mentioned, our aim is to write 
down all possible Cox rings of normal rational complete varieties with a complexity 
one torus action. They are obtained from R{A, n,L)[Si,..., Sm] by coarsening the 
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{K X Z™)-grading as follows. Let < s < n + m — r, consider an integral s x n 
matrix d, an integral s x m matrix d' and the block matrix 

P 



^ - ' d d' 

where d and d' are chosen in such a manner that the columns of the matrix P are 
pairwise different primitive vectors in Z''+* which generate (Q''+'' as a cone. Consider 
the linear map of lattices P: F — > TV, where 

F := F®Z/i®...®Z/™, N := Z■'■+^ 

Let P* : M ^f E he the dual map and Q: E ^ K the projection, where K := 
E/P*{M). Denoting by e^j, Cfc the dual basis to /y, /fc, we obtain a i^-grading of 
R{A, n, L)[S'i, . . . , Sm] by setting 

dcg(r,,) := Q(e„), dcg(^fc) := Q{ek). 

Theorem 1.4. /n the above notation, the following holds. 

(i) The K -grading of R{A, n, L)[Si, . . . , 5™] is effective, pointed and factorial. 

Moreover, Tij, Sk define pairwise nonassociated K -prime generators. 
(ii) The K -graded algebra R(A,n, L) [Si , . . • , Sm] is the Cox ring of a Q-factorial 
rational projective variety with a complexity one torus action. 

Theorem 1.5. Let X be a normal rational complete variety with a torus action of 
complexity one. Then the Cox ring of X is isomorphic as a graded ring to some 
R{A, n, L)[Si, . . . , Sm] with a K -grading as constructed above. 

2. Proof of the results 

A very first observation lists basic properties of the A'-grading of R{A, n, L). We 
denote by T" := (K*)" the standard n-torus. Moreover, we work with the diagonal 
action of the quasitorus H := SpecK[if] on K" given by t-z = (xy(t)zy), where 
Xij G X(iJ) is the character corresponding to Q{eij) = deg(Ty). By definition, this 
action stabilizes the zero set 

X ~ ViK";gu+i^,+2,0<i<r^2) C K". 

Proposition 2.1. The algebra R{A,n,L) is normal, the K-grading is pointed, ef- 
fective and of complexity one. 

Proof. Effcctivity of the i^-grading is given by construction, because the degrees 
deg(rij) = Q{eij) generate K. From [5l Prop. 1.2], we infer that R{A,n,L) is a 
normal complete intersection. Thus, we have 

dim{R{A,n,L)) = n-r + l = dim(ker(P)) + 1 

which means that the X-grading is of complexity one. Now consider the action of 
the quasitorus H := SpecK[i4r] on K" given by the iiT-grading. Note that iJ C T" 
is the kernel of the homomorphism of tori 

A'l t^A 

The set X C K" of common zeroes of all the gi^i+i^i+2 is iJ-invariant and thus it is 
invariant under the one-parameter subgroup of H given by 

K* ^i/, t ^ (t«-), C^3 ■■= ni%''\{nk\{lkm. 

k k,ni 

Since all Qj SlTC positive, any orbit of this one-parameter subgroup in K" has the 
origin in its closure. Consequently, every _ff-invariant function on X is constant. 
This shows R{A, n, L)o = K. D 
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Wc say that a Weil divisor on X is H-prime if it is non-zero, has only multi- 
plicities zero or one and the group H permutes transitively the prime components 
with multiplicity one. Note that the divisor div(/) of a homogeneous function 
/ G R{A,n,L) on X is iJ-prime if and only if / is A'-prime [H Prop. 3.2]. The 
following is an essential ingredient of the proof. 

Proposition 2.2. Regard the variables Tij as regular functions on X. 

(i) The divisors of the Tij on X are H-prime and pairwise different. In partic- 
ular, the Tij define pairwise nonassociated K -prime elements in R{A, n, L). 
(ii) // the ring R{A,n,L) is factorial and Uikj > 1 holds, then the divisor of 
Tij on X is even prime. 

Proof. For (i), wc cxemplarily show that the divisor of Tgi is _ff-prime. First note 
that by [SI Lemma 1.3] the zero set V{X;Tqi) is described in IK" by the equations 

(2.1) Toi = 0, a,+ioTJ= + ao,rj;Y =0, 1 < s < r - 1. 

Let h G S denote the product of all T^ with {i,j) ^ (0, 1). Then, in IKJJ, the above 
equations are equivalent to 

Joi = 0, ; = 1, l<s<r— 1. 



+ 1 



Now, choose a point x e IKJJ satisfying these equations. Then xqi is the only 
vanishing coordinate of x. Any other such point is of the form 

(0, io2£o2, . . . , i™,i™,), ttj £ K*, 4° = ts+i^ 1 < s < r - 1. 

Setting ioi := io2°^ ' ' '^Ono""^!^' "^^ obtain an element t = (tij) G H such that the 
above point equals t-x. This consideration shows 

V{Xh;Toi) - H-i. 

Using [SI Lemma 1.4], we see that V{X;Toi,Tij) is of codimension at least two in 
X whenever {i,j) ^ (0, 1). This allows to conclude 



V{X;Toi) = H-i. 

Thus, to obtain that Tqi defines an _ff-prime divisor on X, we only need that the 
equations p.ip define a radical ideal. This in turn follows from the fact that their 
Jacobian at the point x € V{X; Tqi) is of full rank. 

To verify (ii), let R{A,n,L) be factorial. Assume that the divisor of Tij is not 
prime. Then we have T^ = hi ■ ■ ■ h^ with prime elements hi G R{A, n, L). Consider 
their decomposition into homogeneous parts 



E'^' 



Plugging this into the product hi ■ ■ ■ hs shows that dcg(Tij) is a positive combination 
of some deg(Tfci) with (fc, /) j^ {i,.j)- Thus, there is a vector (cki) G kei{Q) C E with 
Cij = 1 and Cki < whenever (fc, /) ^ (hj)- Since, ker((5) is spanned by the rows 
of P, we must have Ui = 1 and Itj = 1, a contradiction to our assumptions. D 

We come to the main step of the proof, the construction of a T-variety having 
R{A, n,L)[Si, . . . , Sm] as its Cox ring. We will obtain X as a subvariety of a toric 
variety Z and the construction of Z is performed in terms of fans. As before, 
consider the lattice 

F := F ® Z/i©...©Z/,„. 
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Let E be the fan in F having the rays qij and g^ through the basis vectors /y 
and fk as its maximal cones. Let < s < n + m — r, choose an integral s x n matrix 
d and an integral s x m matrix d' . Consider the (block) matrices 

P 

d d' 



P 



and suppose that the columns of the first one are primitive, pairwise different and 
generate Nq as a cone, where TV := 1/'^'^ . With N := 17" ^ we have the projection 
B: N ^ N onto the first r coordinates and the linear maps P: F —^ N and 
P: F —!■ N respectively given by the above matrices. 

Let E be the fan in A'^ with the rays gij :~ P{gij) and gk '■— P{'Qk) as its maximal 
cones. The ray gij through the ij-th column of P is given in terms of the canonical 
basis vectors wi , . . . , w^ in N = I/" as 

Qi] = Q>oW,;, I <i <r, goj = -Q>o(wi + • . • + Vr). 

For fixed i all gij are equal to each other; we list them nevertheless all separately 
in a system of fans E having the zero cone as the common gluing data; see [T] for 
the formal definition of this concept. Finally, we have the fan A in I/' with the rays 

Q>oVi and — Q>o(wi + . . . + Vr) as its maximal cones. 




The toric variety Z associated to E has SpecK[£'] = y'''+"^ ^g j^^g acting torus, 
where E is the dual lattice of F. The fan E in iV defines a toric variety Z and the 
system of fans E defines a toric prevariety Z. The toric prime divisors corresponding 
to the rays gij, gfc £ E, gij, g^ g E and gij G E, are denoted as 



D,,,DkCZ, 



D,,,DkCZ, 



D^J C Z. 



i(i) 



The toric variety associated to A is the open subset P}- ' C P,, of the projective space 
obtained by removing all toric orbits of codimcnsion at least two. The maps P and 
P define toric morphisms tt : Z — > Z and tt : Z — )► Z. Moreover, B: N —^ N defines 
a toric morphism /3 : Z — > Z and the identity 77' — > Z'' defines a toric morphism 



1,(1) 



These morphisms fit into the commutative diagram 



*- Z 




Note that k: Z ^ 



3,(1) 



is a local isomorphism which, for fixed i, identifies all the 
divisors Dij with 1 < j < n;. Let H C T"+™ and H C T"+™ be the kernels of the 
toric morphisms tt : Z — > Z and tt : Z — > Z respectively. Here are the basic features 
of our construction. 

Proposition 2.3. In the above notation, the following statements hold. 

(i) With Zq := Z \ (I?i U . . . U Dm), the restriction tt : Zq ^ Z is a geometric 
quotient for the action of H on Zq. 
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(ii) The quasitorus H acts freely on Z and i:: Z ^f Z is the geometric quotient 

for this action. 
(iii) The factor group G :— H / H is isomorphic to T" and it acts canonically 

on Z . 
(iv) The G-action on Z has infinite isotropy groups along Di^ . . . ,D„i and 

isotropy groups of order Uj along Dij. 
(v) With Zq := Z \ {Di U . . . U Dm), the restriction (5: Zq ^>- Z is a geometric 
quotient for the action of G on Z . 

Proof. The fact that ti: Zq ^ Z and tt : Z — > Z arc geometric quotients is due to 
known characterizations of these notions in terms of (systems of) fans, see e.g. [T]. 
As a consequence, also /3 : Zg — >■ Z is a geometric quotient for the induced action of 
G = H/H. 

We verify the remaining part of (i). According to [U Prop. II. 1.4. 2], the isotropy 
group oi H = ker(7T) at a distinguished point Zg ^ Z has character group isomorphic 
to 

ker(P) n hnQ(el) © (P(hnQ(el)) n iV)/P(hnQ(el) n F). 

By the choice of d and d' , the map P sends the primitive generators of the rays of 
S to the primitive generators of the rays of S. Thus we obtain that the isotropy of 
zy... and z-A, are aU trivial. 

We turn to (iii). With the dual lattices M oi N and M of N, we obtain the 
character groups of H and H and the factor group H/H as 

X{H) = E/P*{M), X{H) = E/P*{M), X{H/H) = P*{M)/P*{M). 

By definition of the matrices of P and P, we have P* {M) / P* [M) ^ Z". This 
implies G = T*' as claimed. 

To see (iv), note first that the group G equals ker(/3) and hence corresponds to 
the sublattice ker(i3) C Z^~^^. Thus, the isotropy group Gz for the distinguished 
point Zg ^ Z corresponding to g e S has character group isomorphic to 

kcr(B) n linQ(g) ® (B(linQ(e)) n N)/Bi\mQ{g) n N). 

Consequently, for g = Qk the isotropy group G^^ is infinite and for g = g.ij it is of 
order l^j. D 

Now we come to the construction of the embedded variety. Let 5 C Pq be the 
orthant generated by the basis vectors fij and fk- The associated affine toric variety 
Z = ]K'i+'" is the spectrum of the polynomial ring 

IK[P n (5^] = ]K[Py, 5*^; < t < r, 1 < j < n„ 1 < fc < m] = S[Si, . . . , 5™]. 

Moreover, Z contains Z as an open toric subvariety and the complement Z \ Z is 
the union of all toric orbits of codimension at least two. Regarding the trinomials 
gi,j,k ^ S as elements of the larger polynomial ring S[Si, . . . , Sm], we obtain an 
ff-invariant subvariety 

X := y(.g,,,+i,,+2; < i < r - 2) C Z. 
Proposition 2.4. Set X := X D Z. Consider the images X := n{X) C Z and 

y ■■= i^ix) c z. 

(i) X C_ Z is a normal closed G-invariant s + 1 dimensional variety, Y C Z 

is a closed non-separated curve and k(Y) CP^ is a line. 
(ii) The intersection Cij := X H D^j with the toric divisor D^j <Z Z is a single 

G-orbit with isotropy group of order lij. 
(iii) The intersection Ck '■= X D Dk with the toric divisor Dk ^ Z is a smooth 
rational prime divisor consisting of points with infinite G-isotropy. 
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(iv) For every point x ^ X not belonging to some Cjj or to some Ck, the 

isotropy group Gx is trivial. 
(v) The variety X satisfies T{X,0) — K, its divisor class group and Cox ring 
are given by 

C\iX) = k, n{X) = i?(A,n,i)[5i,...,5™]. 

The variables Tij and Sk define pairwise nonassociated K-prime elements 
mi?(A,n,L)[S'i,...,S',„]. 
(vi) There is a G-equivariant completion X <Z X with a ^-factorial projective 
variety X such that 'R-{X) = TZ{X) holds. 

Proof. By the definition of P and H , the closed subvariety X C_ Z is invariant under 
the action of H. In particular, X is iJ-invariant and thus the image X := 'k{X) 
under the quotient map is closed as well. Moreover, the dimension of X equals 
diin{X / H) = s + 1. Analogously we obtain closedness of F = t^{^)- The image 
k{Y) ~ k{tt{X)) is given in P^ by the equations 

ctjkUi + akiU-j + Ui-jUk = 

with the variables Uq, . . . ,Ur on P,. corresponding to the toric divisors given by the 
rays Q>oVi and — Q>o('yo + . . . + Wr-i) of A; to see this, use that pulling back the 
above equations via no jf gives the defining equations for X. Consequently k{Y) is 
a projective line. This shows (i). 

We turn to (ii). According to ProDOsition l2.21 the intersection X DDij is a single 
H-orbit. Since tt: X — > X is a geometric quotient for the ij-action, we conclude that 
Cij = ^{Dij) is a single G-orbit. Moreover, since H acts freely, the isotropy group 
of G = H /H along G^ equals that of H along Dij which, by Proposition 12.31 (iv), 
is of order /.y . 

For (iii) note first that the restrictions /3 : Dk -^ Z and are isomorphisms onto the 
acting torus of Z . Moreover, the restricting k gives an isomorphism of the acting 
tori of Z and Pr. Consequently, /3 maps Ck isomorphically onto the intersection 
of the line Y with the acting torus of P^. Thus, Ck is a smooth rational curve. 
Proposition 12. 31 fiv) ensures that Gj. consists of fixed points. Assertion (iv) is clear. 

Wc prove (v). From Proposition 12. 1[ we infer T{X,0)^ = K which implies 
T{X,0) = K. The next step is to establish a surjection K -^ C\{X), where K := 
E/P*{M) is the character group of H. Consider the push forward tt* from the 
ij- invariant Weil divisors on X to the Weil divisors on X sending D to t^{D). For 
every w g X, we fix a w-homogeneous rational function f.^j G ]K(X) and define a 
map 

^i■.k^ c\{x), w ^ [7T,div(/^)]. 

One directly checks that this does not depend on the choice of the fu, and thus is a 
well defined homomorphism. In order to see that it is surjective, note that due to 
Proposition l2.11 we obtain Cij as 7T»div(ry) and Ck as 7r,div(Tfc). The claim then 
follows from the observation that removing all Cij and Ck from X leaves the set 
X n T''+''' which is isomorphic to 1/ x T*" with a proper open subset V C k{Y) and 
hence has trivial divisor class group. 

Now [HI Theorem 1.3] shows that the Cox ring of X is R{A,n,L)[Si, . . . , Sm] with 
the Cl(X)-grading given by deg{Tij) = [Cij] and deg(S'A:) = [Ck]- Consequently, 
R{A, n,L)[Si, . . . , Sm] is factorially Cl(X)-graded and thus also the finer iiT-grading 
is factorial. Since H acts freely on X, we can conclude C1(X) = K. 

Finally, we construct a completion of X C X as wanted in (vi). Choose any 
simplicial projective fan E' in N having the same rays as E, see [71 Corollary 3.8]. 
The associated toric variety Z' is projective and it is the good quotient of an open 
toric subset Z' C Z hy the action of H. The closure X of X in Z' is projective and. 
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as the good quotient of the normal variety X ClZ' , it is normal. By Proposition[ 
the complement X \ X is of codimension at least two, which gives TZ{X) = 7^(X). 
From ^ Cor. 4.13] we infer that X is Q-factorial. D 



Remark 2.5. We may realize any given R{A, n, L) as a subring of the Cox ring of 
a surface: For every li = {In, . . . , hm) choose a tuple di = (da, ■ • ■ , din-) of positive 
integers with gcd{lij,dij) — 1 and dn/ln < . . . < dinJUm- Then take 



P 



P 
d 1 -1 



We are ready to verify the main results. As mentioned, Theorem 11.31 follows 
from [HI Sec. 3]. Moreover, the statements of Theorem ll.4l are contained in Propo- 
sition [Ml 



Proof of Theorem ] 1.1[ According to Proposition [^IH the algebra R{A,n,L) is nor- 
mal and the A'-grading is effective, pointed and of complexity one. By Proposi- 
tion [2]4l the algebra R{A, n,L)[Si, . . . , Sm] is a Cox ring and hence it is factorially 
graded, see [4]. Clearly the graded subring R{A,n,L) inherits the latter property. 
Now suppose that {A, n, L) is a sincere triple. If K is torsion free, then K- 
factoriality of R{A,n,L) implies factoriality, see [31 Theorem 4.2]. Conversely, if 
R{A, n, L) is factorial, then the generators T^ are prime by Proposition l2.2l From [51 
Lemma 1.5], we then infer that the numbers gcd(/ii, . . . , lim) are pairwise coprime. 
This implies that P: F ^ N is surjective and thus K is torsion free. D 



Proof of Theorem \1.5[ According to [6l Theorem 1.3], the Cox ring TZ{X) is iso- 
morphic to a ring R{A, n,L)[Si, . . . , Sm] with a grading by K := C1(A) such that 
the variables Ty and Sk are homogeneous. In particular, X is the quotient by the 
action oi H = Spec K[K] on an open subset X of 

X = V^(5,,,+i ,,+2; < ^ < r - 2) C Z. 

For r < 2, the variety X is toric, we may assume that T acts as a subtorus of the 
big torus and the assertion follows by standard toric geometry. So, let r > 2. By 
construction, the grading of R{A, n,L)[Si, . . . , Sm] by K := K x Z™ is the finest 
possible such that all variables Tij and Sk are homogeneous. Consequently, we have 
exact sequences of abelian groups fitting into a commutative diagram 

(2.2) 




M/M ^ ^ 
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In particular wc extract from this the following two commutative triangles, where 
the second one is obtained by dualizing the first one 



(2.3) 



E^ 



M 



N 





M 



N 



We claim that the kernel K is free. Consider H := SpecK[/ir] and the isotropy 
group Hij C iJ of a general point x(i,j) € X D V{Tij). Then we have exact 
sequences 

1 -^ H/H^J ^ H -^ H,j ^ 1 



0- 



KiiJ) 



K/K{i,3) 



-^0 



where the second one arises from the first one by passing to the character groups. 
Note that the subgroup K{i,j) C K is given by 

(2.4) K{i,j) = linz(degTfc,; (kj) ^ ii,j))+\imidegTp; l<p<m). 

Now [6l Theorem 1.3] tells us that each variable T!^- defines a i^-prime element in 
TZ{X) and thus its divisor is iJ-prime. Consequently, H /HHij is connected and 
has a free character group 

X(H/HH,j) = K{i,j) ■= KnK{i,j). 

Mimicking equation (|2.4p . we define a subgroup K{i,j) C K fitting into a commu- 
tative net of exact sequences 

(2.5) 



■K{i,j) 



^K{i,j) 



K 



-^0 



■K/K{i,j)' 



■K/K{i,j) s-0 



Kii,j) 







K- 







K/k{i,j) -0 



By general properties of Cox rings [H Prop. 2.2], we must have K/K{i,j) = and 
thus we can conclude 

(2.6) K/K{t,j) = K/K{i,j) ^ Z/hjZ. 

Consider again x{i,j) £ V{Tij) n X, set x{i,j) = px{x{i,j)) and let T denote the 
torus acting on X. Then jB] Prop. 2.6] and its proof provide us with a commutative 
diagram 

H 3 iJy 



T 2 T, 



(iJ) 
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where H = H/H and Hij = H/HHij. Using (|2.6p and passing to the character 
groups we arrive at a commutative diagram 



0- 



-^ Z/kjZ ■ 



-^0 



■ z/kjl ■ 



■0 



Kii,j) ^K- 



X(T)- 

with exact rows. As seen before, the group K{i,j) is free abehan. Consequently, 
also K must be free abelian. 

Now the snake lemma tells us that M jM is free as well. In particular, the first 
vertical sequence of (j2.2p splits. Thus, we obtain the desired matrix presentation of 
P from rewriting the second commutative triangle of ()2.3p as 




N © NjM^ 



U 
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